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We think that we have been able to simplify some of our original arguments and to bring out the essential unity of the methods used. This has resulted in some loss of generality in terms of methods which might conceivably be used in the future. On the other hand, we feel that we have achieved greater generality in terms of the methods that have actually led to new planes.
We have attempted to put our arguments in such a form that they require virtually no background other than some familiarity with the idea of a vector space over an arbitrary field. It is well known that Desarguesian spaces and vector spaces are so closely related that affine or projective incidence geometry can be viewed as a part of linear algebra. It so happens that this is also true for tile finite planes that are presently known.
We feel that the central problem in projective planes is "What kinds of planes are there ?". What we mean by a "kind" of plane is part of the question. The most appealing approach is to characterize planes, in the spirit of KLEIN, in terms of their collineation groups 2). It could happen that we will reach the stage where there seems to be complete chaos and the best that we can do is to subdivide projective planes into very broad classes with no hope of being able to describe all of the planes within the broad classes. One going at random through the present literature may have the feeling that we already have chaos in the class of known planes. We have attempted to introduce some order into this apparent mess.
In Section 2, besides giving some of the basic definitions, we have used the notion of net extension in an attempt to give some unity to the known planes.
In Section 3, we introduce the general construction principle of replaceable nets with special emphasis on the replaceable nets that have so far been the most useful in obtaining new planes.
In Section 4, we describe the planes (of square order) which are neither translation planes nor their duals. The method of construction for most of these is an application of Section 3. Net extension also plays a role here.
Section 5 contains more detail, and more new material, than the other Sections. It makes explicit some of the implications of Section 3 in connection with the construction of translation planes.
Section 6 contains a brief survey of the various methods which have been used to construct translation planes3).
In the earlier Sections we have sometimes sacrificed generality to unity and simplicity. In Section 7, we give some general results which may or may not lead to planes different from those already known.
We have numbered the statements which we wish to emphasize. We have not felt it appropriate to dignify all of these as "Lemmas" or "Theorems".
Some of our earlier proofs are given in a simplified version in this paper. There is some new material, most of which was implicit in earlier work. Whenever we have had no improvement to offer, we have merely quoted results with a reference to the place where the proof is given.
2. Basic definitions. Vector spaces and finite planes.
Definition. A net is a set o/ objects, called "points" together with certain designated subsets, called "lines". The lines occur in classes, called "parallel classes" such that:
(2.1) (a) Eeach point belongs to exactly one line o/ each parallel class. [21] for the axioms of a projective plane and different forms for the axioms of an affine plane. By adjoining one new point for each parallel class and one new line which contains all of the new points, one can extend an arbitrary affine plane to a projective plane. If wc delete a line and all of its points from ~ projective plane, we get an afline plane. The different affine planes corresponding to a given projective plane are not necessarily isomorphic.
